Higher-derivative Lorentz-breaking terms in extended QED at the finite
  temperature by Celeste, A. et al.
ar
X
iv
:1
60
2.
02
57
0v
2 
 [h
ep
-th
]  
7 M
ar 
20
16
Higher-derivative Lorentz-breaking terms in extended QED at
the finite temperature
A. Celeste,1 T. Mariz,1 J. R. Nascimento,2 and A. Yu. Petrov2
1Instituto de F´ısica, Universidade Federal de Alagoas,
57072-270, Maceio´, Alagoas, Brazil∗
2Departamento de F´ısica, Universidade Federal da Para´ıba
Caixa Postal 5008, 58051-970, Joa˜o Pessoa, Para´ıba, Brazil†
Abstract
In this paper we discuss finiteness and ambiguities of the higher-derivative Lorentz-breaking
terms in extended QED with a magnetic coupling at the finite temperature. We find that,
beside of the higher-derivative Carroll-Field-Jackiw-like term and Myers-Pospelov term, many
extra terms arise in a finite temperature case but these terms vanish in high temperature limit.
Moreover, the contributions for the nonminimal coupling will dominate at large temperatures.
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1
I. INTRODUCTION
The higher-derivative terms, originally introduced to achieve the renormalizability of
the quantum gravity [1], now are studied within many contexts including Lorentz symme-
try breaking. There are lot of reasons of interest to such terms – first, they improve the
renormalization properties of the theory, second, they naturally emerge within the deriva-
tive expansion of the effective action, third, they are probably related with the anomalies.
It should be noted so that one of the first known Lorentz-breaking terms contains higher
derivatives, it is the four-dimensional gravitational Chern-Simons term [2]. Therefore, the
problem of studying the higher-derivative Lorentz-breaking terms in different field theory
models seems to be very natural. The first example of such a term has been proposed in
[3] within the phenomenological context, and in [4] the generic features of higher-derivative
Lorentz-breaking terms within different extensions of QED have been discussed. Some is-
sues related to these terms at the classical level, such as dispersion relations and unitarity
and causality problems, have been also studied in [3, 5]. Moreover, while these terms in
many papers have been generated in usual, zero temperature case [6, 7], it is natural to
study their high-temperature dynamics. Such a study has been carried out for some ex-
tended versions of QED [8]. However, it is interesting to carry out this study for the specific
extended QED with a magnetic coupling known to generated two different ambiguities [9].
So, our aim will consist in generating the higher-derivative terms at the finite temperature
for this model. We show that, in the high temperature limit, the contribution generated
by the essentially nonminimal sector will dominate.
The structure of the paper looks like follows. In the section 2 we introduce the classical
action of our theory and write down the generic form of the one-loop effective action. In the
section 3 we carry out the calculation of the three-derivative contribution to the two-point
function. The Summary is devoted to the discussion of the results. In the Appendix, the
temperature-dependent parameters of the one-loop corrections are listed.
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II. EXTENDED QED WITH MAGNETIC COUPLING
We start with the extended QED with magnetic coupling [7, 10]:
L = ψ¯
[
i∂/ − γµ(eAµ + gǫµνλρF
νλbρ)−m− γ5b/
]
ψ −
1
4
FµνF
µν . (1)
Here we suggest that the Lorentz symmetry breaking is introduced through a constant
vector bµ. The Fµν = ∂µAν −∂νAµ is the usual stress tensor constructed on the base of the
gauge field Aµ. Many impacts of the magnetic coupling have been studied in [9, 11, 12].
As usual, we can express the one-loop effective action Seff [b, A] of the gauge field Aµ in
terms of the following functional trace:
Seff [b, A] = −iTr ln(/p− γ
µA˜µ −m− γ5b/), (2)
where
A˜µ = eAµ + gǫµνλρF
νλbρ. (3)
We expand the trace (2) in the power series:
S ′eff [b, A] = iTr
∞∑
n=1
1
n
[
1
/p−m− γ5b/
γµA˜µ
]n
. (4)
We want to study the contributions of the second order in A˜µ which can be read off from
S
(2)
eff [b, A] =
i
2
Tr
1
/p−m− γ5b/
γµA˜µ
1
/p−m− γ5b/
γνA˜ν , (5)
or, as is the same,
S
(2)
eff [b, A] =
i
2
∫
d4xΠµνb A˜µA˜ν , (6)
where
Πµνb = tr
∫
d4l
(2π)4
1
/l −m− γ5/b
γµ
1
/l − i/∂ −m− γ5/b
γν . (7)
Our aim here consists in expansion of this expression up to the third order in derivatives.
Repeating the arguments from [7], we can show that the corresponding term must be of
third order in the Lorentz-breaking vector bµ, with there will be three different contribu-
tions, where the number of insertions of the vector bµ into the propagators is equal to one,
two or three, which is equivalent to two, one or zero “magnetic” vertices gψ¯ǫµνλργ
µF νλbρψ,
respectively.
3
III. HIGHER-DERIVATIVE QUANTUM CORRECTIONS
So, now let us find explicitly the third-derivative quantum corrections. First, we consider
a contribution characterized by two nonminimal vertices. Using the above equation (7),
we must calculate the contribution given by
Πµνb1 (p) = tr
∫
d4l
(2π)4
S(l)γ5/bS(l)γ
µS(l − p)γν
+tr
∫
d4l
(2π)4
S(l)γµS(l − p)γ5/bS(l − p)γ
ν , (8)
with S(l) = (/l−m)−1, where we taken into account that i∂ → p, after a Fourier transform.
This contribution corresponds to Fig. 1.
•
FIG. 1: Contributions with two nonmimimal vertices.
This expression is superficially divergent. It has been calculated in many papers (some
related issues have been discussed in [13]) in the context of the perturbative generation
of the Carroll-Field-Jackiw (CFJ) term, since to obtain our higher-derivative contribution
from this sector one should simply repeat the calculations of the CFJ term and further
replace Aµ → ǫµνλρb
νF λρ in the external legs, with the trace of the product of propagators
and Dirac matrices continues to be the same, given by (8). The result for this contribution
to the self-energy tensor looks like Πµνb1 (p) ∝ ǫ
µνλρpλkρ, where the pµ is an external momen-
tum, and the kρ is a constant vector which turns out to be finite. Within its calculation
we follow the regularization prescription introduced in [14] and applied to the calculation
of the CFJ term in [15]. Its explicit form can be read off from the expression
Πµνb1 (p) = 4i
∫
d4l
(2π)4
1
(l2 −m2)3
[3(l2 −m2)ǫµνλρpλbρ − 4l
µlαǫ
ανλρpλbρ
−4lν lαǫ
µαλρpλbρ − 4(l · p)lαǫ
µναρbρ]. (9)
To find this vector in the finite temperature case, one should follow the Matsubara formal-
ism. To do it, one carries the Wick rotation and discretization of the zero component by
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the rule l0 → 2πT (n+
1
2
), for the integer n and replaces integration over dl0 by summation
over n. As a result, one finds Πµνb1 (p) as a function of ξ, with ξ =
m
2piT
:
Πµνb1 (p) = A1(ξ)
(
δµ0ǫ0νλρpλEb
ρ
E + δ
ν0ǫµ0λρpλEb
ρ
E + ǫ
µν0ρp0b
ρ
E
)
= A1(ξ)ǫ
µνλipλEb
i
E , (10)
where
A1(ξ) =
∫ ∞
|ξ|
dz(z2 − ξ2)1/2sech2(πz) tanh (πz). (11)
Note that
A1(ξ → 0)→
∫ ∞
0
dz z sech2(πz) tanh (πz) =
1
2π2
, (12)
so, it does not vanish. At the same time, in the zero temperature limit ξ → ∞, one gets
A1(ξ)|ξ→∞ → 0, so, at the zero temperature this contribution vanishes which matches the
result found in [15]. The corresponding contribution to the effective action is
SAA,1 = 2g
2A1(ξ)
∫
d4x
[
bαFαµ(b · ∂)biǫ
µνλiFνλ + b
2biǫ
µνλiAµFνλ
]
. (13)
Now, let us consider another two contributions of third order in bµ, which essentially
require consideration of the minimal coupling. First, one has the contribution to the
effective Lagrangian involving one vertex with minimal coupling, and another vertex with
nonminimal coupling, and two insertions in the propagators, given by Feynman diagrams
depicted at Fig.2. Therefore, the contribution we need to calculate from Eq. (7), is given
by
Πµνb2 (p) = tr
∫
d4l
(2π)4
S(l)γ5/bS(l)γ5/bS(l)γ
µS(l − p)γν
+tr
∫
d4l
(2π)4
S(l)γ5/bS(l)γ
µS(l − p)γ5/bS(l − p)γ
ν
+tr
∫
d4l
(2π)4
S(l)γµS(l − p)γ5/bS(l − p)γ5/bS(l − p)γ
ν . (14)
•
•
• •
• •
FIG. 2: Contributions with one nonminimal vertex.
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We expand it up to the second order in the external momentum pµ. As a result, we find
that the expression of Eq.(14) can then be written as
SAA,2(p) = ie
2Aµ(−p)ǫνλρσΠ
µν
b2 |(p)b
λF ρσ(p) +O(p3), (15)
where Πb2| is the contribution to the Πb2 given by (14) involving only the second order in
external momentum p. It has been calculated in details in [16], so, we merely quote the
result:
Πµνb2 = A2(ξ)((bE · pE)
2δµν + p2Eb
µ
Eb
ν
E − (bE · pE)b
µ
Ep
ν
E − (bE · pE)p
µ
Eb
ν
E − b
2
Ep
2
Eδ
µν + b2Ep
µ
Ep
ν
E)
+B2(ξ)(b
2
0p
2
0δ
µν + b20p
2
Eδ
µ0δν0 − b20p0p
µ
Eδ
ν0 − b20p0δ
µ0pνE)
+C2(ξ)(b
2
Ep
2
0δ
µν + b2Ep
2
Eδ
µ0δν0 − b2Ep0δ
µ0pνE − b
2
Ep0p
µ
Eδ
ν0)
+D2(ξ)(b
2
0p
2
Eδ
µν − b20p
µ
Ep
ν
E), (16)
where
A2(ξ) = −
1
6m2π2
−
∫ ∞
|ξ|
dz
(ξ2 − 2z2)
6m2(z2 − ξ2)1/2
sech2(πz) tanh(πz), (17)
B2(ξ) = −C2(ξ) =
∫ ∞
|ξ|
dz
π2ξ2(z2 − ξ2)1/2
12m2
sech5(πz)(sinh(3πz)− 11 sinh(πz)), (18)
and
D2(ξ) =
∫ ∞
|ξ|
dz
ξ2
6m2(z2 − ξ2)1/2
sech2(πz) tanh(πz). (19)
We observe that in the high temperature limit, ξ → 0, all the above coefficients vanish.
So, we can write the following result for the higher-derivative contribution from this
sector:
SAA,2 = −A2(ξ)ǫνρλσA
ν [(b · ∂)2 − b2]bρF λσ −D2(ξ)b
2
0ǫνρλσA
νbρF λσ (20)
−B2(ξ)(b
2
0 − b
2
E)A
µ(ǫµρλσ∂
2
0 + ∂µ∂0ǫ0ρλσ)b
ρF λσ −B2(ξ)(b
2
0 − b
2
E)A
0ǫ0ρλσb
ρ
F λσ.
This expression can be verified to be gauge invariant at the finite temperature. We see
that this expression involves the higher-derivative CFJ-like term (proportional to D2(ξ)),
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the Myers-Pospelov term (proportional to A2(ξ)) and some extra contributions which can
be treated as generalizations of these terms (proportional to B2(ξ)).
It remains to consider only the contribution to the effective Lagrangian involving both
vertices with minimal coupling which requires three insertions of the γ5b/ into the propaga-
tor. The corresponding Feynman diagrams are depicted at Fig. 3.
• •
•
• •
• • •
•
• ••
FIG. 3: Contributions with minimal vertices only.
Thus, the contribution to the self-energy tensor from this sector looks like
Πµνb3 (p) = tr
∫
d4l
(2π)4
S(l)γ5/bS(l)γ5/bS(l)γ5/bS(l)γ
µS(l − p)γν
+tr
∫
d4l
(2π)4
S(l)γ5/bS(l)γ5/bS(l)γ
µS(l − p)γ5/bS(l − p)γ
ν
+tr
∫
d4l
(2π)4
S(l)γ5/bS(l)γ
µS(l − p)γ5/bS(l − p)γ5/bS(l − p)γ
ν
+tr
∫
d4l
(2π)4
S(l)γµS(l − p)γ5/bS(l − p)γ5/bS(l − p)γ5/bS(l − p)γ
ν . (21)
The result at the finite temperature is given by
Πµνb3 (p) = A3(ξ)ǫ
µνλρbλEp
ρ
Eb
2
Ep
2
E +B3(ξ)ǫ
µνλρbλEp
ρ
E(bE · pE)
2 + C3(ξ)ǫ
µνλρbλEp
ρ
Eb
2
Ep
2
0
+D3(ξ)ǫ
µνλρbλEp
ρ
Eb
2
0p
2
E + E3(ξ)ǫ
µνλρbλEp
ρ
E(bE · pE)b0p0 + F3(ξ)ǫ
µνλρbλEp
ρ
Eb
2
0p
2
0
+G3(ξ)ǫ
µνλ0bλEp0b
2
Ep
2
E +H3(ξ)ǫ
µνλ0bλEp0(bE · pE)
2 + I3(ξ)ǫ
µνλ0bλEp0b
2
Ep
2
0
+J3(ξ)ǫ
µνλ0bλEp0b
2
0p
2
E +K3(ξ)ǫ
µνλ0bλEp0(bE · pE)b0p0 + L3(ξ)ǫ
µνλ0bλEp0b
2
0p
2
0
+M3(ξ)ǫ
µνλ0bλEb0(bE · pE)p
2
E +N3(ξ)ǫ
µν0ρb0p
ρ
Eb
2
Ep
2
E +O3(ξ)ǫ
µν0ρb0p
ρ
Eb
2
Ep
2
0
+P3(ξ)ǫ
µν0ρp0p
ρ
E(bE · pE)b
2
E +Q3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)bλEp
ρ
Eb
2
Ep
2
E
+R3(ξ)(ǫ
µ0λρδν0(bE · pE) + ǫ
0νλρδµ0(bE · pE)− ǫ
µ0λρb0p
ν
E − ǫ
0νλρb0p
µ
E)b
λ
Ep
ρ
E(bE · pE)
+S3(ξ)(ǫ
µ0λρδν0(bE · pE) + ǫ
0νλρδµ0(bE · pE)− ǫ
µ0λρb0p
ν
E − ǫ
0νλρb0p
µ
E)b
λ
Ep
ρ
Eb0p0
+T3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)bλEp
ρ
Eb
2
0p
2
0 + U3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)bλEp
ρ
Eb
2
0p
2
E
+V3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)bλEp
ρ
Eb
2
Ep
2
0 +W3(ξ)(ǫ
µ0λρpνE + ǫ
0νλρpµE)b
λ
Ep
ρ
Eb
2
Ep0
+X3(ξ)(ǫ
µ0λρbνE + ǫ
0νλρbµE)b
λ
Ep
ρ
Eb0p
2
E + Y3(ξ)(ǫ
µ0λρbνE + ǫ
0νλρbµE)b
λ
Ep
ρ
E(bE · pE)p0
7
+Z3(ξ)(ǫ
µ0λρbνE + ǫ
0νλρbµE)b
λ
Ep
ρ
Eb0p
2
0, (22)
where the temperature-dependent constants A3 . . . Z3 are given in Appendix. We note that
in the high temperature limit, ξ → 0, all these coefficients vanish. Also, it is easy to verify
that this contribution is transversal and hence gauge independent (indeed, its contraction
with pµ or pν gives 0).
In principle, this term can be transformed to the coordinate space. It yields the following
contribution to the effective action:
SAA,3 = −
1
2
Aµ
(
ǫµνλρ
[
A3(ξ)b
2
+B3(ξ)(b · ∂)
2 + C3(ξ)b
2∂20
+D3(ξ)b
2
0+ E3(ξ)(b · ∂)b0∂0 + F3(ξ)b
2
0∂
2
0
]
bλ∂ρ
+ǫµνλ0bλ
[
G3(ξ)∂0b
2
+H3(ξ)∂0(b · ∂)
2 + I3(ξ)∂0b
2∂20 + J3(ξ)∂0b
2
0
+K3(ξ)∂0(b · ∂)b0∂0 + L3(ξ)∂0b
2
0∂
2
0 +M3(ξ)b0(b · ∂)
]
+ǫµν0ρb2∂ρ
[
N3(ξ)b0+O3(ξ)b0∂
2
0 + P3(ξ)∂0(b · ∂)
]
+
[
Q3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)b2+
(
R3(ξ)(b · ∂) + S3(ξ)b0∂0
)
×(ǫµ0λρδν0(b · ∂) + ǫ0νλρδµ0(b · ∂)− ǫµ0λρb0∂
ν − ǫ0νλρb0∂
µ)
+T3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)b20∂
2
0 + U3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)b20
+V3(ξ)(ǫ
µ0λρδν0 + ǫ0νλρδµ0)b2∂20 +W3(ξ)(ǫ
µ0λρ∂ν + ǫ0νλρ∂µ)b2∂0
+X3(ξ)(ǫ
µ0λρbν + ǫ0νλρbµ)b0+ Y3(ξ)(ǫ
µ0λρbν + ǫ0νλρbµ)(b · ∂)∂0
+Z3(ξ)(ǫ
µ0λρbν + ǫ0νλρbµ)b0∂
2
0
]
bλ∂ρ
)
Aν . (23)
The final result is a sum of (13,20,23). We emphasize again that it is finite and gauge
invariant. We see that, besides of straightforward finite temperature generations of higher-
derivative CFJ and Myers-Pospelov terms (in (23) these terms contribute to A3, B3 and
D3), we have a lot of new terms which has no analogues at zero temperature. The similar
situation occurs in a previous paper [16] by some of us, where perturbative generation of
the aether term has been performed at the finite temperature.
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IV. SUMMARY
Now, let us discuss our results. We have considered the perturbative generation of the
three-derivative gauge-invariant term in the extended QED involving both minimal and
nonminimal couplings in the finite temperature case. This term turns out to be gauge
invariant and UV finite, reproducing a linear combination of the Myers-Pospelov term,
known for the highly nontrivial manner of the propagating of solutions admitting for the
rotation of plane of polarization of light [3], the higher-derivative CFJ term, and some extra
terms which have no zero-temperature analogues. An interesting observation consists in
the fact that the terms generated by two and three insertions of the extra Lorentz-breaking
vertex b/γ5 into the propagator vanish in the high temperature limit which apparently means
that the nonminimal contribution becomes dominant in this limit.
Acknowledgements. This work was partially supported by Conselho Nacional de
Desenvolvimento Cient´ıfico e Tecnolo´gico (CNPq). The work by A. Yu. P. has been
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APPENDIX
In this Appendix, we present the explicit results for the temperature-dependent factors
A3 . . . Z3.
A3(ξ) =
1
9π2m4
+
∫ ∞
|ξ|
dz
tanh(πz)sech4(πz)
72m4(z2 − ξ2)1/2
(
−25π2ξ4 + 4ξ2 +
(
25π2ξ2 − 8
)
z2
+
(
5π2ξ4 + 4ξ2 −
(
5π2ξ2 + 8
)
z2
)
cosh(2πz)
)
, (24)
B3(ξ) = −
4
45π2m4
+
∫ ∞
|ξ|
dz
tanh(πz)sech4(πz)
90m4(z2 − ξ2)1/2
(
15π2ξ4 − ξ2
(
15π2z2 + 4
)
+
(
−3π2ξ4 + ξ2
(
3π2z2 − 4
)
+ 8z2
)
cosh(2πz) + 8z2
)
, (25)
C3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (7ξ2 − 33z2)
360m4(z2 − ξ2)1/2
(cosh(2πz)− 5) tanh(πz)sech4(πz), (26)
D3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2(z2 − ξ2)1/2
36m4
(cosh(2πz)− 5) tanh(πz)sech4(πz), (27)
9
E3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (23z2 − 17ξ2)
180m4(z2 − ξ2)1/2
(cosh(2πz)− 5) tanh(πz)sech4(πz), (28)
F3(ξ) = −
∫ ∞
|ξ|
dz
π2ξ4
90m4(z2 − ξ2)1/2
(cosh(2πz)− 5) tanh(πz)sech4(πz), (29)
G3(ξ) = −
∫ ∞
|ξ|
dz
π2ξ2 (2ξ2 − 3z2)
120m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (30)
H3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (ξ2 − 5z2)
120m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (31)
I3(ξ) =
∫ ∞
|ξ|
dz
π2ξ4 tanh(πz)sech6(πz)
144m4(z2 − ξ2)1/2
(
984π2
(
ξ2 − z2
)
+
(
8π2
(
ξ2 − z2
)
+ 1
)
cosh(4πz)
+8
(
56π2(z − ξ)(ξ + z)− 1
)
cosh(2πz)− 9
)
, (32)
J3(ξ) = −
∫ ∞
|ξ|
dz
π2ξ4
120m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (33)
K3(ξ) =
∫ ∞
|ξ|
dz
π2ξ4
20m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (34)
L3(ξ) =
∫ ∞
|ξ|
dz
π4ξ4(z2 − ξ2)1/2
36m4
(302 sinh(πz) + sinh(5πz)− 57 sinh(3πz))
×sech7(πz), (35)
M3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2(z2 − ξ2)1/2
120m4
(sinh(3πz)− 11 sinh(πz))sech5(πz), (36)
N3(ξ) = −
∫ ∞
|ξ|
dz
π2ξ2(z2 − ξ2)1/2
48m4
(sinh(3πz)− 11 sinh(πz))sech5(πz), (37)
O3(ξ) = −
∫ ∞
|ξ|
dz
π2ξ4
24m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (38)
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P3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (ξ2 + 3z2)
240m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (39)
Q3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (ξ2 − 3z2)
144m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (40)
R3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2(z2 − ξ2)1/2
180m4
(sinh(3πz)− 11 sinh(πz))sech5(πz), (41)
S3(ξ) =
∫ ∞
|ξ|
dz
π2ξ4
45m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (42)
T3(ξ) =
∫ ∞
|ξ|
dz
π4ξ4(z2 − ξ2)1/2
36m4
(302 sinh(πz) + sinh(5πz)− 57 sinh(3πz))
×sech7(πz), (43)
U3(ξ) =
∫ ∞
|ξ|
dz
π2ξ4
72m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (44)
V3(ξ) =
∫ ∞
|ξ|
dz
π2ξ4 tanh(πz)sech6(πz)
144m4(z2 − ξ2)1/2
(
8
(
56π2
(
ξ2 − z2
)
+ 1
)
cosh(2πz)
+984π2(ξ + z)(z − ξ) +
(
8π2(z − ξ)(ξ + z)− 1
)
cosh(4πz) + 9
)
, (45)
W3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (33z2 − 17ξ2)
720m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (46)
X3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2(z2 − ξ2)1/2
72m4
(sinh(3πz)− 11 sinh(πz))sech5(πz), (47)
Y3(ξ) =
∫ ∞
|ξ|
dz
π2ξ2 (5ξ2 − 17z2)
360m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz), (48)
and
Z3(ξ) =
∫ ∞
|ξ|
dz
π2ξ4
36m4(z2 − ξ2)1/2
(sinh(3πz)− 11 sinh(πz))sech5(πz). (49)
As we already mentioned, all these constants vanish in the high temperature limit.
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